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Abstract In quantum computational logics meanings of formulas are identified with quan-
tum information quantities: systems of qubits or, more generally, mixtures of systems of
qubits. We consider two kinds of quantum computational semantics: (1) a compositional
semantics, where the meaning of a compound formula is determined by the meanings of
its parts; (2) a holistic semantics, which makes essential use of the characteristic “holistic”
features of the quantum-theoretic formalism. The compositional and the holistic semantics
turn out to characterize the same logic. In this framework, one can introduce the notion of
quantum-classical truth table, which corresponds to the most natural way for a quantum
computer to calculate classical tautologies.

Quantum computational logics can be applied to investigate different kinds of semantic
phenomena where holistic, contextual and gestaltic patterns play an essential role (from
natural languages to musical compositions).
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1 Introduction

Quantum computational logics are new forms of quantum logic, that arise as a natural logical
abstraction from the theory of quantum logical gates in quantum computation. In the stan-
dard semantics of these logics, formulas denote quantum information quantities (systems of
qubits, or, more generally, mixtures of systems of qubits), while the logical connectives are
interpreted as logical operations defined in terms of special quantum logical gates.

Let us first sum up some basic notions of quantum computation. Consider the two-
dimensional Hilbert space C?, where any vector |v) is represented by a pair of com-
plex numbers. Let B! = {|0), |1)} be the canonical orthonormal basis for C? such that
10) = (0, D); 1) = (1, 0).

Definition 1.1 (Qubit) A qubit is a unit vector |) of the space C2.

Hence, any qubit has the following form:
) = aol0) + ai|1) (where ag, a; € C and |ao|* + |a;|* = 1).

From an intuitive point of view, a qubit can be regarded as a quantum variant of the clas-
sical notion of bit: a kind of “quantum perhaps”. In this framework, the two basis-elements
|0) and |1) represent the two classical bits 0 and 1, respectively. From a physical point of
view, a qubit represents a state of a single particle, carrying an atomic piece of quantum
information. In order to carry the information stocked by n qubits, we need of course a
compound system, consisting of n particles.

Definition 1.2 (Quregister) An n-qubit system (also called n-quregister) is a unit vector in
the n-fold tensor product Hilbert space ®"C? :=C?>® ... ® C? (where ®'C? := C?).
—

n-times

We will use x, y, ... as variables ranging over the set {0, 1}. At the same time, |x), |y), ...
will range over the basis B!. Any factorized unit vector |x;) ®...® |x,) of the space ®"C?
will be called a classical register. We will also write |xy, ..., x,) instead of [x]) ®...® |x,).
The set B™ of all classical registers is an orthonormal basis for the space ®"C2.

Quregisters are pure states: maximal pieces of information about the particles under con-
sideration. Both in quantum theory and in quantum information, one cannot help referring
also to mixed states (or mixtures), which represent pieces of information that are not max-
imal and might be enriched [8]. In the framework of quantum computation, mixed states
(mathematically represented by density operators of an appropriate Hilbert space) are also
called gumixes.

Definition 1.3 (Qumix) A qumix is a density operator of ®"C? (where n > 1).

Needless to say, quregisters correspond to particular qumixes that are pure states (i.e.
projections onto one-dimensional closed subspaces of a given ®"C"). We will indicate by
Q(®"C?) the set of all qureguisters of ®"C?, while ©(®"C?) will denote the set of all den-
sity operators of ®"C?. Hence the two sets Q@ = |7~ Q(®"C?) and © = [ J72, D(®"C?)
will represent the set of all possible quregisters and the set of all possible qumixes, respec-
tively.

For semantic aims, it is useful to distinguish the true from the false registers in any space
®"C2.
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Definition 1.4 (True and false registers) Let |xy, ..., x,) be a register of ®"C2.
® |xy,...,x,) is called true iff x, = 1;
e |xi,...,x,) is called false iff x,, = 0.

The idea is that any classical register corresponds to a classical truth-value that is de-
termined by its last element. Hence, in particular, the bit |1) corresponds to the truth-value
Truth, while the bit |0) corresponds to the truth-value Falsity.

On this basis, we can identify, in any space ®"C?, two special projection-operators (P
and PO(") ) that represent, in this framework, the Truth-property and the Falsity-property, re-
spectively. The projection Pl(") is determined by the closed subspace spanned by the set of all

(n)
1

true registers, while PO(") is determined by the closed subspace spanned by the set of all false
registers. As is well known, in quantum theory, projections have the role of mathematical
representatives of possible physical properties of the quantum objects under investigation.
Hence, it turns out that Truth and Falsity behave here as special cases of physical properties.
As a consequence, one can naturally apply the Born rule that determines the probability-
value that a quantum system in a given state satisfies a given property. Consider any qumix
o, which represents a possible state of a quantum system in the space ®"C?2. By applying
the Born rule, we obtain that the probability-value that a physical system in state p satisfies
the Truth-property Pl(") is the number tr(Pl(")p) (where tr is the trace functional). This
suggests the following natural definition of the notion of probability of a given qumix.

Definition 1.5 (Probability of a qumix) For any qumix p € D(®"C?), p(p) := tr(P" p).

From an intuitive point of view, p(p) represents the probability that the information
stocked by the qumix p is true. In the particular case where p corresponds to the qubit
[¥) = ag|0) 4+ a;|1), we obtain that p(p) = |a;|>.

Given a quregister |[), we will also write p(|y)) instead of p(Py)), where Py, is the
density operator represented by the projection onto the one-dimensional subspace spanned
by the vector |¢).

An interesting relation connects qumixes with the real numbers in the interval [0, 1]. Any
real number A € [0, 1] uniquely determines a qumix ,oi”) (for any n € N*):

o = (1 = Mk, P 4 Mk, P
(where k, is a normalization coefficient). From an intuitive point of view, ,0;") represents a
mixture of pieces of information that might correspond to the Truth with probability A.

In quantum computation information is processed by quantum logical gates (briefly,
gates): unitary operators that transform quregisters into quregisters. Being unitary, gates
represent characteristic reversible logical operations. The canonical gates (which are stud-
ied in the literature) can be naturally generalized to qumixes. We will consider here the
following gates: the negation, the Petri—Toffoli gate and the square root of the negation.

Let us first describe these gates in the framework of quregisters.

Definition 1.6 (The negation) For any n > 1, the negation on ®"C? is the linear operator
Not ™ such that for every element |xi, ..., x,) of the basis B™:

Not™ (a1, vy x0)) 1= X1y o ooy Xuet) @ |1 = x,).

In other words, Not ™ inverts the value of the last element of any basis-vector of ®" C2.
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Definition 1.7 (The Petri-Toffoli gate) For any m > 1 and any n > 1 the Petri-Toffoli gate is
the linear operator T defined on ®”*+"*'C? such that for every element |xi, ..., X,) ®
[V1, ..., Yu) ® |z) of the basis B +7+1D):

T(m'nﬂl)(|xl7-~-vxm>® |}’17--~,yn) ®|Z>) = |x1,...,xm)® |Y1»~--,)’n>®|xm)’nEHZ>»

where H represents the sum modulo 2.

One can easily show that both Not ™ and T"" are unitary operators.
Consider now the set Q of all possible quregisters. The gates Not and T can be uniformly
defined on this set in the expected way:

Not(|y)) :=Not ™ (Jy)), if [¢) e ®"C?,
T([Y) ® l9) ® 1x)) :==T"" V(1Y) ® l9) ® 1)),
if |¥) € C?, |p) € ®"C? and |x) € C%.

On this basis, a conjunction And, a disjunction Or, can be defined for any pair of qureg-
isters |¢) and |g):

And(|¥), [¢) :=T(1¥) @ [¢) ® 0));
Or(|¥), lg)) :=Not(And(Not(|¥)), Not(|¢)))).

Clearly, |0) represents an “ancilla” in the definition of And.

The gates we have considered so far are, in a sense, “semiclassical”’. A quantum logical
behavior only emerges in the case where our gates are applied to superpositions. When
restricted to classical registers, such operators turn out to behave as classical (reversible)
truth-functions. We will now consider an important example of a genuine quantum gate that
transforms classical registers (elements of B™) into quregisters that are superpositions. This
gate is the square root of the negation.

Definition 1.8 (The square root of the negation) For any n > 1, the square root of the nega-

tion on ®"C? is the linear operator Not(") such that for every element |x, ..., x,) of the
basis B™:

n 1
VNOE " (1X1s e X)) = (X X)) ® S+ D) + (1 =Dl =x),

where i :=+/—1.

One can easily show that \/Not(n) is a unitary operator. The basic property of Not "

is the following:

for any [) € ®'C2,  Not " (VNot " (|¢))) = Not™® (|y)).

In other words, applying twice the square root of the negation means negating.

From a logical point of view, «/Not(n) can be regarded as a “tentative partial negation”
(a kind of “half negation™) that transforms precise pieces of information into maximally
uncertain ones. For, we have:

1
p(vNoE" (1)) = 5 =p(W/Not " (0)).
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As expected, also 4/Not can be uniformly defined on the set R of all quregisters.

Interestingly enough, the gate «/Not seems to represent a typically quantum logical
operation that does not admit any counterpart either in classical logic or in standard fuzzy
logics (see [4]).

The gates considered so far can be naturally generalized to qumixes [8]. When our gates
will be applied to density operators, we will write: NOT, +/NOT, T, AND, OR (instead of
Not, 4/Not, T, And, Or).

Definition 1.9 (The negation) For any qumix p € D (®"C?),
NOT™ (p) := Not™ pNot™.

Definition 1.10 (The square root of the negation) For any qumix p € D(®"C?),

)
VNOT ™" (p) := VNot " pv/Not %,

where «/Not(n)* is the adjoint of »,/Not(").

It is easy to see that for any n € N*, both NOT™ (p) and «/NOT(n)(p) are qumixes of
D(R"C?).

Definition 1.11 (The conjunction) Let p € D(®™"C?) and 0 € D(R"C?).
AND(m,n.l) ()0, O') — T(m,n,l) (,0, o, Po(l)) — T(m.n,l)(p R ® PO(I))T(m,n,l).
Like in the quregister-case, the gates NOT, /NOT, T, AND, OR can be uniformly defined

on the set ® of all qumixes.
An interesting preorder relation can be defined on the set © of all qumixes.

Definition 1.12 (Preorder) p < o iff the following conditions hold:

(i) p(p) <p(o);
(i) p(v/NOT(0)) < p(¥NOT(p)).

One immediately shows that < is reflexive and transitive, but not antisymmetric (coun-
terexamples can be easily found in ®(C?)).

An equivalence relation can be then defined on ®:
Definition 1.13 o =t iffo <tand 7 <o0o.

One can prove that = is a congruence relation with respect to the operations AND, NOT,
+/NOT.
2 Quantum Trees
We consider here a minimal quantum computational language L that contains a privileged

atomic formula f (whose intended interpretation is the Falsity) and the following primitive
connectives: the negation (—), the square root of the negation (=), a ternary conjunction
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/\ (which corresponds to the Petri-Toffoli gate). For any formulas « and B, the expression
A(e, B, ) is a formula of £. In this framework, the usual conjunction & A 8 is dealt with as
metalinguistic abbreviation for the ternary conjunction /\(«, 8, f). We will use the follow-
ing metavariables: q,r, ... for atomic formulas and «, 8, ... for formulas. The connective
disjunction (V) is supposed to be defined via the de Morgan law (a V B := —=(—a A =f)).

Any formula o of £ describes a quantum circuit that can be applied to an input, rep-
resented by a qumix living in a Hilbert space whose dimension depends on the linguistic
form of «. Let us first introduce some useful syntactical notions. By atomic complexity of
a formula « (indicated by Af(a)) we mean the number of occurrences of atomic formulas
in «. For instance, Ar7(— /\(q, —q, f)) = 3. Since the atomic complexity of « determines the
dimension of the Hilbert space where a qumix representing information about « should live,
the space ®4®@C? will be also called the semantic space of o.. We will briefly write H¢,
instead of @@ (2.

Any formula « can be naturally decomposed into its parts, giving rise to a special con-
figuration called the syntactical tree of « (indicated by STree®).

Roughly, STree® can be represented as a sequence of levels:

Level ()

Level, (o),

where:

each Level; () (with 1 <i <k) is a sequence of subformulas of «;

the bottom level (Level; (o)) consists of o

the top level (Leveli (o)) is the sequence of all atomic occurrences in «;

for any i (with 1 <i < k), Level; (o) is the sequence obtained by dropping the princi-
pal connective in all molecular formulas occurring at Level; («), and by repeating all the
atomic formulas that possibly occur at Level; (o).

As an example, consider the following formula: « = q A =q = A(q, —q, f). The syntac-
tical tree of « is the following configuration:

Level; (@) = (q, q, f);
Level,(a) = (q, —q, f);

Level (o) = (/\(q, —q, f))-

By Height of « (indicated by Height(«)) we mean the number of levels of the syntactical
tree of «. For instance, Height(/\ (q, —q, f)) = 3.

The syntactical tree of o (which represents a purely syntactical object) uniquely de-
termines a sequence of gates that are all defined on the semantic space of o. We will
call this gate-sequence the qubit tree of «. Consider a formula « such that Af(e) = ¢ and
Height(a) = k. Let Level{ (o) represent the j-th node of Level; (o). Each Level{ (o) (where
1 <i < Height(«)) can be naturally associated to a unitary operator Op{ , according to the
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following operator-rule:

I if Level'ij (@) is an atomic formula;
Not® if Level/ (@) = —f and At(B) =r;
Not") if Level! (a) = v/—p and At(B) = r;

T if Level! () = \(B, y. D), At(B) = r and At(y) =3,

Opij =

where 1D is the identity operator of C2.
On this basis, one can associate a gate G{ to each Level;(x) (such that 1 <i <
Height(@)):

|Level; (a)|

G} = ® 0p'f,
Jj=1

where |Level; (a)| is the length of the sequence Level; (o).
Being the tensor product of unitary operators, every G¢ turns out to be a unitary operator.
One can easily show that all G} are defined on the same space, H“.

Definition 2.1 (The qubit tree of o) The qubit tree of o (denoted by QTree®) is the gate-
sequence

(Ga’ tee G%eight(a)fl)

that is uniquely determined by the syntactical tree of «.

As an example, consider again the formula: « = A(q, —q, f). The qubit tree of « is
represented by the gate-sequence (G¢, G%), where:

1,1,1).
G‘f‘zT( s )’
Gs=1V@NotV @IV,

As we have seen, qubit trees consist of unitary operators (which can be applied to qureg-
isters). The notion of qubit tree can be naturally generalized to qumixes. In such a case we
will speak of qumix trees, and we will call quantum tree either a qubit tree or a qumix tree.
Let (GY, ..., G{_)) be the qubit tree of o. We can define the following sequence of functions
on the set D (H%):

2GY(p) =G pGY*

2G{_1(p) = G{_1pG{",.

One can easily prove that, for any p € ®(H*) and forany i (1 <i <k —1), QG? (p) is
a density operator of ® (H®). The sequence

QumTree®* = (°G9,...,° G:_)

will be called the qumix tree of «, while the elements of a qumix tree will be called qumix
gates. Apparently, all qumix gates are bijections. Hence, qumix trees (as well as qubit trees)
represent reversible information processes.

@ Springer



Int J Theor Phys (2008) 47: 44-60 51

Consider now a formula « and let (° G¢, ...,® G¢_,) be the qumix tree of &. Any choice
of a qumix p in H* determines a sequence (o, . .., p1) of qumixes of H*, where:
Pk =P,

pr—1 =" G_, (px),

p1 =" G¥(p2).

The qumix p; can be regarded as a possible input-information concerning the atomic
parts of «, while p; represents the output-information about «, given the input-information
pr- Each p; corresponds to the information about Level;(«), given the input-information
pr- Any sequence of this kind will be called «-computation (with input p; and with output
p1). Alternatively, we can also refer to the qubit tree (GY, ..., G¥_,) of o and define, in the
expected way, the notion of pure a-computation (with input [v) and with output [yr;)).

How to determine an information about the parts of @ under a given input? It is natural
to apply the standard quantum-theoretic rule that determines the states of the parts of a
compound system.

Suppose that:

Leveli (o) = B\, ..., Bi, -
‘We have:
Hm:Hﬂil ®...®Hﬂiro

We know that QumTree® and the choice of an input p; (in H*) determine a sequence of
qumixes:

Pr e Leveli (o) = (qu, ..., q)),

pi &~ Level; (@) = (B, ..., Bi,),

p1 e~ Level; (o) = ().

Consider red’ (p;), the reduced state of p; with respect to the j-th subsystem." From a
semantic point of view, this state can be regarded as a contextual information about f3;; (the
subformula of @ occurring at the j-th position at Level; (o)) under the input p;. Apparently,
a contextual information about a subformula is generally a mixture.

IWe recall that red’ (p;) is the unique density operator that satisfies the following condition: for any self-
adjoint operator A/ of HPi,

tr(red! (p)A))=tr(p;I'®..9 ' oAl @ It @ .. @1,
(where [ s the identity operator of HPh ). As a consequence, p; and red/ (p;) are statistically equivalent

with respect to the j-th subsystem of the compound system described by p; .
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An interesting situation arises when the qumix p, representing a global information
about the atomic parts of «, is an entangled pure state.’

As an example, consider the formula « = = /A (q, —q, f) (which represents an example
of the noncontradiction principle formalized in the quantum computational language). The
input-information might be the following entangled state:

R R
V2 V2

The reduced states of |y/4) turn out to be the following:

1110) +

[Va) = |000) «~ Levels() = (q, q, f).

1 1
—[110) + —|000>>
2 2

red' (imo) + L|000>> _Llpw Lpw red2<
2 2 2 2 /2

NG NG 270

1 1
3 _ pM
red (—ﬁHlO) + 75'0()0)) =p.

Hence, the contextual information about both occurrences of q is the (proper) mixture
%PO(U + %Pl(l). At the same time, the contextual information about f is projection PO(I) (rep-
resenting the Falsity).

Quantum trees can be naturally regarded as examples of quantum circuits that compute
outputs under given inputs. Since both qubit trees and qumix trees are determined by the
syntactical tree of a given formula, one can also say that any formula o of the quantum
computational language plays the role of an intuitive and “economical” description of a
quantum circuit, called «-quantum circuit.

3 Compositional and Holistic Quantum Computational Semantics

Two kinds of quantum computational semantics have been investigated: a compositional and
a holistic semantics. In the compositional semantics, the meaning of a molecular formula is
determined by the meanings of its parts (like in classical logic). In this framework, the input-
information about the top level of the syntactical tree of a formula « is always associated
to a factorized state p; ® ... ® p;, where ¢ is the atomic complexity of « and py, ..., p; are
qumixes of C2. As a consequence, the meaning of a molecular o cannot be a pure state, if
the meanings of some atomic parts of o are proper mixtures.

The holistic quantum compositional semantics® is based on a more “liberal” assumption:
the input information about the top-level of the syntactical tree of o can be represented by
any qumix “living” in the semantic space of «. As a consequence, the meanings of all levels
of STree” are not, generally, factorized states.

Suppose that:

Level;(a) = (B1,---, Br)-

2 As is well known, the basic features of an entangled state | are the following: (1) |¢) is a maximal infor-
mation (a pure state) that describes a compound physical system §; (2) the pieces of information determined
by |) about the parts of S are, generally, non-maximal (proper mixtures). Hence, the information about the
whole is more precise than the information about the parts.

3See [5]; in [4] we have presented a weaker version of the holistic semantics.
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As we have seen, the space H® can be naturally regarded as the Hilbert space of a
compound physical system consisting of r parts (mathematically represented by the spaces
HP1, ..., HPr), where each part may be compound. On this basis, for any qumix p; (associ-
ated to Level; («)) and for any node Level'l.’ (&), we can consider the reduced state red’ (p;)
with respect to the j-th subsystem of the system described by p;. From an intuitive point of
view, red’ (p;) describes the j-th subsystem on the basis of the global information p;. Since
Level;(«) = (B1, - .., Br), the qumix red’ (p;) (which is a density operator of the space %)
represents a possible meaning of the sentence f;.

We can now introduce the basic definitions of the holistic semantics. The main concept
is the notion of holistic quantum computational model: a function Hol that assigns to any
formula « of the quantum computational language a global meaning, which cannot be gen-
erally inferred from the meanings of the parts of «. Of course (like in the standard semantic
approaches), the function Hol shall respect the logical form of «.

In order to define the concept of holistic quantum computational model, we will first
introduce the notions of atomic holistic model and of tree holistic model.

Definition 3.1 (Atomic holistic model) An atomic holistic model is a map Ho14! that asso-
ciates a qumix to any formula o of £, satisfying the following conditions:

(1) Hol%(a) € D(HY);
(2) Let At(@) =n and LevelHe,'g,h(a) =q1,...,qy. Then,
(2.1) if q; =f, then red’ (Ho1*(a)) = Py;
(2.2) if q; and q; are two occurrences in o of the same atomic formula, then
red’ (Ho1% (a)) = red" (Ho1 ().

Apparently, Hol'(«) represents a global interpretation of the atomic formulas occur-
ring in «. At the same time, red’ (Ho1% (), the reduced state of the compound system (de-
scribed by Ho1%(«r)) with respect to the j-th subsystem, represents a contextual meaning of
q; with respect to the global meaning Ho 14"(@). Conditions (2.1) and (2.2) guarantee that
Hol%(«) is well behaved. For, the contextual meaning of f is always the Falsity, while two
different occurrences (in ) of the same atomic formula have the same contextual meaning.

The map Hol% (which assigns a meaning to the top-level of the syntactical tree of any
sentence o) can be naturally extended to a map Ho1 7 that assigns a meaning to each level
of the syntactical tree of any «, following the prescriptions of the qumix tree of «.

Consider a formula « such that:

QumTree® = (® GY,... 2 G‘,f,el-gth(a)fl).
The map Ho1% is defined as follows:

Ho 1" (Levelpeigm()) = Ho 1),

Hol"™ (Level; (o)) =° GY (Hol™*(Level; 4 ()

(where Heigth(a) > 1 > 1).
On this basis, one can naturally define the notion of holistic (quantum computational)
model of L.

Definition 3.2 (Holistic model) A map Hol that assigns to any formula o a qumix of the
space H® is called a holistic (quantum computational) model of L iff there exists an atomic
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holistic model Ho1#’ s.t.:
Hol(w) = Hol ™ (Level, (@),

where Ho17 is the extension of Hol.

Given a formula y, Hol determines the contextual meaning, with respect to the context
Hol(y), of any occurrence of a subformula g in y.

Definition 3.3 (Contextual meaning of a node) Let 8 be a subformula of y occurring at the
Jj-th position of the i-th level of the syntactical tree of . We indicate by ,8[;] the node of
STree” corresponding to such occurrence. The contextual meaning of ﬁ[;] with respect to
the context Hol(y) is defined as follows:

Hol” (B[}]) = red’ (Ho1"* (Level;(y))).
Hence, we have:
Hol” (y) = Hol™(Level,(y)) = Hol(y).

Suppose that /3[;] and B[/] are two nodes of the syntactical tree of y, representing two
occurrences of the same subformula 8. One can show that:

Hol” (B[}]) = Hol” (B[

In other words, two different occurrences of one and the same subformula in a formula
y receive the same contextual meaning with respect to the context Hol(y).

On this basis, one can define the contextual meaning of a subformula g of y, with respect
to the context Hol(y):

Hol” (B) := Hol” (B[],

where ﬁ[_if] is any occurrence of 8 at a node of STree” .
Suppose now that 8 is a subformula of two different formulas y and 6. Generally, we
have:

Hol” (B) # Hol’(B).

In other words, formulas may receive different contextual meanings in different contexts!
Apparently, Hol” is a partial function that only assigns meanings to the subformulas
of y. Given a formula y, we will call the partial function Hol” a contextual holistic model
of the language.
In this framework, compositional models can be described as limit-cases of holistic mod-
els.

Definition 3.4 (Compositional model) A model Hol is called compositional iff the follow-
ing condition is satisfied for any formula a: Hol* (@) = Hol(q;) ® ... ® Hol(q,), where
qi, - - -, q¢ are the atomic formulas occurring in «.

As expected, unlike holistic models, compositional models are context-independent. Sup-
pose that 8 is a subformula of two different formulas y and §. We have:

Hol” (B) = Hol%(B) = Hol(B).
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The notion of logical consequence in the framework of the holistic quantum computa-
tional semantics represents a reasonable variant of the standard notions of logical conse-
quence.

Let us first define the notion of consequence in a given contextual model.

Definition 3.5 (Consequence in a given contextual model Hol”) A formula § is a conse-
quence of a formula « in a given contextual model Hol” (o =yuo1r B) iff

1. o and B are subformulas of y;
2. Hol”(a) < Hol”(B) (where < is the preorder relation defined in 1.12).

Definition 3.6 (Logical consequence (in the holistic semantics)) A formula § is a conse-
quence of a formula « (in the holistic semantics) iff for any formula y such that o and g are
subformulas of y and for any Ho1l,

(64 ':HolV /3

We call HQCL the logic that is semantically characterized by the logical consequence
relation we have just defined. Hence, o =nqcw B iff for any formula y such that o and g
are subformulas of y and for any Ho1l,

(o4 '=Holy ﬂ

At the same time, by compositional quantum computational logic (CQCL) we mean the
logic that is semantically characterized by the class of all compositional quantum computa-
tional models. Hence, o [=cqcL B iff for any compositional model Hol,

(o4 }:Hol :3

Although the basic ideas of the holistic and of the compositional quantum computational
semantics are quite different, one can prove that HQCL and CQCL are the same logic
(see [5]). In other words, for any formulas « and 8,

a FroeL B iff o l=cocL B

This means that the logics (formalized in our “poor” sentential languages) are not able to
capture the difference between an analytical and a holistic semantic procedure.

Since HQCL= CQCL, we will simply speak of quantum computational logic (denoted
by QCL). One is dealing with a nonstandard form of unsharp quantum logic, where the non-
contradiction principle breaks down (Fqcr, — (o A —«)), while conjunction is not idempotent
(o FocL @ A a). Interestingly enough, distributivity is here violated “in the wrong direction”
with respect to orthodox quantum logic. For, a A (B V ¥) =qcL (o A B) V (o A ), but not
the other way around!

4 A Quantum Computational Description of Classical Truth-Tables
The quantum computational semantics (mainly in its holistic version) seems to represent a

new theory of meanings that might find interesting applications also to other fields, quite far
from microphysics.
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We will first consider a logical application: a natural synthetic description of classical
truth-tables. Consider the classical sublanguage £€ of £, whose only connectives are the
classical (reversible) connectives — and /. Let o be a formula of £€ with atomic occur-
rences (g, . .., ;.

Definition 4.1 A classical register |xi, ..., x,;) is called a classical truth-value assignment
for « iff there is an atomic holistic model Ho14’ of the language LC s.t.

Hol™ (o) = |x1, ..., X;).

Apparently, any classical truth-value assignment for o represents a possible (classical) in-
terpretation of the top level of the syntactical tree of « (the sequence of the atomic formulas
occurring in «).

Let Val® be the set of all possible classical truth-value assignments for & and let n® be its
cardinal number.

Definition 4.2 A quregister |) of H* is called a classical truth-value assignment system
for « iff

1
|¢)=Z{ﬁ|x1,...,x,) Slxn, ., xg) eVal"‘}.

Clearly, any formula « has a unique classical truth-value assignment system (indicated by
[&)). Unlike classical truth-value assignments (which are classical registers), the classical
truth-value assignment system for « is a genuine superposition, where all amplitudes are the
same number ( \/LTY .

On this basis, we can naturally define the notion of quantum-classical truth table of «.

Definition 4.3 (Quantum-classical truth table) The quantum-classical truth table of « is the
pure a-computation with input [%).

Suppose that QubTree® = (G}_,, ..., G{). Then, the quantum-classical truth table of o
is the following sequence of quregisters living in the semantic space of «:

Vi) = 1v¢),
(V1) = G (1Y),

[¥1) = GY(1¥2))-

In this framework, the notion of classical tautology can be then defined in the expected
way.

Definition 4.4 (Classical tautology) A formula « is a classical tautology iff p(|y)) =1,
where |y) is the output of the quantum-classical truth table (|v), ..., [¥)) of a.

Example 4.1 The noncontradiction law o = = A(q, —q, f) (which is not generally valid
in quantum computational logics) is a quantum-classical tautology. We have: Val* =
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{|110), |000)}, and n* = 2. The quantum-classical truth table of « is the following sequence
of quregisters:

1 1
) = 19) = =110} + =[000)
) = (1 @NOT® @ M) (1y4)) = —=[100) + —=[010),
‘ V2 V2
2) = T0MD (1)) = —=100) + —=[010).
NS V2
1 1
lyr1) =NOTV (|yn)) = ﬁum) + ﬁom,

whence, p(|¥)) = 1.

Interestingly enough, our definition of quantum-classical truth table could not be given
in the framework of the compositional semantics. For, by definition, the classical truth-value
assignment system |12) is not a factorized state.

Using quantum-classical truth tables seems to represent the most natural way for a quan-
tum computer to calculate classical tautologies. The quantum-classical truth table of a clas-
sical formula is here described as the “time-evolution” of a pure state (living in the semantic
space of our formula), while the probability of being true is calculated as a quantum prob-
ability. One could say that such a reconstruction permits us to justify the classical logical
world by means of “quantum computational eyes”.

5 Looking for Abstract Holistic Structures

To what extent can the holistic version of quantum computational semantics provide a math-
ematical formalism for a theory of meanings, where holistic and contextual features play a
relevant role?

As is well known, human perception like thinking seems to be essentially synthetic. We
never perceive an object by scanning it point by point. We instead form right away a Gestalt,
i.e. a global idea of it. Rational activity, as well, seems to be essentially based on gestaltic
patterns. As an example, we can refer to the chess-game. Since the total number of possible
games is finite, the games could be divided into three sets: (1) the set of all games won by
white. (2) the set of all games won by black. (3) the set of all games ending in a draw. Why
could not a fantastic computer of the white player always choose from the first set?

A strong human player certainly must perform some rapid calculations, but above all he
must be able first to perceive a Gestalt of the position, and then to assess by experience
the probabilities of its different issues. Some time ago, the famous computer Deep Blue has
beaten the world champion Gary Kasparov. Soon after the game, Kasparov is said to have
protested because he suspected “something human” having taken place in the strategy of
Deep Blue. Did Kasparov have a hunch of any “gestaltic phenomenon”?

Gestalt-thinking cannot be adequately represented in the framework of classical seman-
tics, which is basically analytical and compositional: the meaning of a compound expres-
sion is always determined by the meanings of its parts. At the same time, meanings are
non-ambiguous and sharp.
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All this renders classical semantics hardly applicable to an adequate analysis of natural
languages and of artistic contexts, where holistic and ambiguous features seem to play a rel-
evant role. As a significant example, we often mention the final verse of the poem L’Infinito
by Giacomo Leopardi:

E ’l naufragar m’e dolce in questo mare

(And drowning in this sea is sweet to me).
Here, the poetic result seems to be essentially connected with the following semantic rela-
tion: the meanings of the component expressions “naufragar” (drowning), “dolce” (sweet),
“mare” (sea) do not correspond here to the most common meanings. By the way, there is
no sea in Recanati, Leopardi’s native village which the poem refers to. However the usual
meanings of our expressions are somehow present and ambiguously correlated with the
metaphorical meanings that are evoked by the whole poem. Needless to say, this represents
a quite typical semantic situation in poetry. Also musical compositions are concerned with
meanings that are intrinsically holistic, contextual and ambiguous.

In the holistic quantum computational semantics the following conditions hold:

(1) global meanings (which may correspond to a Gestalt) are essentially vague, because
they leave semantically undecided many relevant properties of the objects under inves-
tigation;

(2) any global meaning determines some partial meanings, which are generally vaguer than
the global one;

(3) meanings (Gestalten) can be generally represented as superpositions of meanings, pos-
sibly associated to probability-values;

(4) meanings are dealt with as intrinsically dynamic objects.

In spite of its appealing features, the present version of the quantum computational se-
mantics is strongly “Hilbert-space dependent”. This certainly represents a shortcoming for
all applications, where real and complex numbers do not generally play any significant role
(as happens, for instance, in the case of natural and of artistic languages).

Is it sensible to look for an abstract quantum computational semantics? We sketch here
only a first basic step in this direction: the definition of abstract quregister structure. In
this framework, abstract quregisters are identified with some special objects (not necessar-
ily living in a Hilbert space), while gates are reversible functions that transform quregisters
into quregisters. In order to stress the relation between abstract and concrete quregister-
structures, we will use the familiar ket-notation also for abstract quregisters. From an in-
tuitive point of view, abstract quregisters represent pieces of information that are generally
uncertain, while (abstract) registers are special examples of quregisters that stock a certain
information. Any (abstract) quregister is associated to a given length n, and lives in a sub-
domain Q™ of the domain Q of all possible quregisters. The preorder relation < is here
primitive and has the following intuitive interpretation: [¢) < |¢) iff the information en-
coded by |¢) is “closer to the truth” than the information encoded by |¢). Another primitive
relation, called quconsistency, permits us to define an abstract notion of superposition.

Definition 5.1 (Abstract quregister structure) An abstract quregister structure is a system

(Q, &, X, Not, vNot, T, |0), [1)),

where the following conditions hold:

(1) Qs the set of all abstract quregisters (briefly, quregisters), indicated by |¥/), |¢), . ...

@ Springer



Int J Theor Phys (2008) 47: 44-60 59

(@ Q=1J,., Q™, where Q™ is the set of all quregisters of length n, indicated by
)™, @)™, ...

(b) The Cartesian product Q" x Q™ is embeddable into Q"+, We indicate by
[¥)™ ® )™ the element of Q"+ that corresponds to the pair (|y)™, |)®™).
We have: [¥)™ @ (19)™ @ |x)?) = (1¥)™ @ |9)™) @ |x)P.

(2) For any n > 1, R®™ is the set of all registers of length n. The elements of R™ are
represented as sequences |xi, ..., X,), where x; € {0, 1}. The set RV = {|0), |1)} is
called the set of the two abstract bits.

(@) R < Q™

(b) R+ is in one-to-one correspondence with the Cartesian product SR x R™.
We indicate by |x1, ..., X, Y1, ..., ys) the register in 3"+ that corresponds to
the pair (|x1, ..., Xm), [V1sevy Yu))-

(3) Forany n > 1, & is a map that associates to n a binary reflexive and symmetric relation
&' (called quconsistency) that may hold between quregisters of length n.

(@) X1, e X)) V1, ooy V) XL o X)) = Y15 ey i)

(b) any quregister of length n is quconsistent with at least one register of length n. Let
Reg(|y) ™y = {|xy, ... x,) |x1, ... x,) & |¥) ™). We say that |)" is a superposi-
tion of the elements of Reg(|yr)™).

(4) =< is a preorder relation on Q. This permits one to define the following equivalence
relation:

W) =lg):=¥) <lg) and |p) =<|}).

(5) Registers satisfy the following conditions:
@ X1, X)) Y1 s Vs 1)
(b) |X1, --~»xm70> = |yla -~-’yn>-

(6) If |11) < |x1, ..., x,) for any register |x|, ..., x,) € Reg(|y¥)™), then |1) < [¢)®.

(7) Not, +/Not, T are maps that assume as values abstract logical gates (briefly, gates).
By gate on Q" we mean a map G that satisfies the following conditions:
(a) G™ is a bijection on Q™;
() 1x1, s X)) A GP(|xy, ., x,) RGP (1Y) ),
(c) = is a congruence with respect to G™.
Condition (a) guarantees that gates are reversible logical operations, while (b) repre-
sents an abstract linearity requirement.

(8) For any n > 1, Not associates to n the gate Not™ (defined on Q™) that satisfies the
following conditions:
(@) Not™(|x, ..., %) = |x1, ..., X1, 1 — x);
(b) Not™ ot™ (|y)™)) = |y)™.

(9) For any n > 1, /Not associates to n the gate Not(") (defined on Q™) that satisfies
the following conditions:
(a) «/Not(")(|x1, e X)) = X1, ., Xm1) ® A/Not
(b) VOt (VEOE™ (I¥)™)) =Not™(jy)™).
©) NOE™ (X1, s X)) X1« X} VNOE ™ (X1 vy X)) X1 ooy T — ).

(10) For any m,n > 1, T associates to the triplet (m,n, 1) the gate qm.n.D - defined on

QU+l We put:

(1)

(1xn))3

And(¥) ™. [9)) =TV ([P @ 9) @ 0));
Ox ()™, ¢)") = Not (And(Not (1) ™, Not(Ip) ")),

The following conditions hold:
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(@) T (1%, .y Xy Vs ey Yo Z) = X1y e e Xy Vs e e vy Vi X - Vi B Z),
where H is the sum modulo 2.

(b) 2and(|¥), l¢)) =And(|e), |¥)) (commutativity).

(©) And{|¥), And(le), [x )} = And{And(|¥), |@)), [x)} (associativity).

(d) and{|y), or(lg), [x)N} = Or{And(|¥), l¢)), And(|¥), [x))} (semidistributiv-
ity).

(e) Vot 1) < Fot """ (1D (g ™) @ [¢™) @ |0))) < Vot [0).

One can easily show that the notion of abstract quregister structure represents a “good”
abstraction from Hilbert-space quregisters. Consider the concrete structure

(Q, &, <X,Not, v/Not, T, |0), |1)),

where:

e 9=, Q(®"C?) is the set of all concrete quregisters;
e &' is defined as follows.

(1) Forany [y)™ =Y. ci|xi, ..., xi,),
)" & |x, ..., x,) iff forsome ¢; 0,  [x1, ..., X,) = |Xips .00, X0, )
(2) )™ &)™ iff there exists a register |xi, ..., x,) such that
Y)W L) and (o) W x, L x).

e the relation <, the gates Not, «/Not, T and the two bits |0), |1) are defined according to
the definitions given in Sect. 1.

This structure satisfies our definition of abstract quregister structure.
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